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Abstract 



We study classical twists of Lie bialgebra structures on the polynomial current 
algebra g[u], where g is a simple complex finite-dimensional Lie algebra. We focus 
on the structures induced by the so-called quasi-trigonometric solutions of the 
classical Yang-Baxter equation. It turns out that quasi-trigonometric r-matrices 
fall into classes labelled by the vertices of the extended Dynkin diagram of q. 
We give complete classification of quasi-trigonometric r-matrices belonging to 
. multiplicity free simple roots (which have coefficient 1 in the decomposition of 

I the maximal root). We quantize solutions corresponding to the first root of s[(n). 

^ ■ 1 Introduction 
o 

Recall that, given a Lie algebra g, the classical Yang-Baxter equation (CYBE) with one 
^ ; spectral parameter is the equation 

^ ■ [X'\u),X'%u + v)] + [X'\u),X^^{v)] + [X''{u + v),X^^{v)] = 0, (1.1) 

where X{u) is a meromorphic function of one complex variable u, defined in a neigh- 
bourhood of 0, taking values in g®0. In their outstanding paper [2], A. Belavin and V. 
Drinfeld investigated solutions of the CYBE for a simple complex Lie algebra q. They 
considered so-called nondegenerate solutions (i.e. X{u) has maximal rank for generic 
u). It was proved in [2J that nondegenerate solutions are of three types: rational, 
trigonometric and elliptic. Moreover the authors completely classified trigonometric 
and elliptic solutions, the last ones for the case g = s[(n). 

One can see that any rational solution of CYBE provides the Lie bialgebra structure 
on polynomial Lie algebra g[u] for a simple Lie algebra g. On the contrary, there are 
no clear Lie bialgebra structures related to elliptic solutions of CYBE. 
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For trigonometric solutions of CYBE, the situation is as follows. Any trigonometric 
solution has the form y(e'^''"~'"''), where Y is a q0 g- valued rational function and k is 
some constant. After setting e^'^ = z this solution provides a Lie bialgebra structure 
either on Lie algebra q[z, z~^] or on its twisted version but does not induce, generally 
speaking, a Lie bialgebra structure on the polynomial Lie algebra q[z]. 

Therefore we are motivated to introduce a class of solutions of 'trigonometric' type 
that will induce Lie bialgebra structures on q[u]. Let Q denote the quadratic Casimir 
element of g. We say that a solution X of the CYBE is quasi-trigonometric if it is of 
the form: 

X(u,v) = ^^+piu,v), (1.2) 

u — V 

where p{u, v) is a polynomial with coefficients in g(S>0. We will prove that by applying a 
certain holomorphic transformation and a change of variables, any quasi-trigonometric 
solution becomes trigonometric, in the sense of Belavin-Drinfeld classification. 

In the works [Bl E] to any Lie bialgebra V. Drinfeld assigned another Lie bialgebra, 
the so-called classical double. F. Montaner and E. Zelmanov [27] proved that for any 
Lie bialgebra structure on q[u] its classical double is isomorphic as a Lie algebra to one 
of four Lie algebras. We will consider two of them: q{{u~^)) and q{{u~^)) ® g. 

The study of the Lie bialgebra structures given by quasi-trigonometric solutions will 
be based on the description of the classical double. We show that all quasi-trigonometric 
solutions induce the same classical double g{{u~^)) © g. Moreover we construct a one- 
to-one correspondence between this type of solutions and a special class of Lagrangian 
subalgebras of the g((M~^)) © g. It turns out that such Lagrangian subalgebras can 
be embedded into some maximal orders of g((u~^)) © g, which correspond to vertices 
of the extended Dynkin diagram of g. This embedding enables us to classify quasi- 
trigonometric solutions of CYBE which correspond to multiplicity free roots. We also 
use the classification of Manin triples for reductive Lie algebras in terms of generalized 
Belavin-Drinfeld data obtained by P. Delorme |6|. In particular, we get a complete com- 
binatorial description of quasi-trigonometric solutions of CYBE, related to Lie algebra 
s[(n). 

The goal of the second part of the paper is to propose a quantization scheme for 
some of the Lie bialgebra structures on g[u] for g = s[(n) described in the first part of 
the paper. In all these cases the quantization is given by an explicit construction of the 
corresponding twist. More precisely, the corresponding Hopf algebra is isomorphic to 
Uq{g[u]) with twisted comultiplication, where Uq{g[u]) is defined as certain subalgebra 
of quantum afiine algebra Uq(g). This result confirms the natural conjecture made in 
pi] and recently proved in [17]: any classical twist can be quantized. 

For the construction of twist quantizations of quasi-trigonometric solutions of CYBE, 
we use nontrivial embedings of certain Hopf subalgebras of the ^antized universal en- 
veloping algebra Uq{sln+i), called seaweed algebras [7] into Uq{sln)- This enables us to 
'affinize' the finite - dimensional twists constructed in fTE] and [19j. 
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2 Lie bialgebra structures and classical twists 



Let g denote an arbitrary complex Lie algebra. We recall that a Lie bialgebra structure 
on is a 1-cocycle 6 : g — > A^g which satisfies the co-Jacobi identity. In other words, 
6 provides a Lie algebra structure for q* compatible with the structure of g. 

To any Lie bialgebra (0,5) one associates the so-called classical double D{q,6). It 
is defined as the unique Lie algebra structure on the vector space g © g* such that: 

a) it induces the given Lie algebra structures on g and g* 

b) the bilinear form Q defined by 

Q{Xi + h,X2 + k) = li{x2) + kixi) (2.1) 

is invariant with respect to the adjoint representation of g © g*. 

Let Si be a Lie bialgebra structure on g. Suppose s G A^g satisfies 

[s'\ s'^] + [s'\ s^'] + [s'^ 5^3] = Ah((5i © id)(s), (2.2) 

where Alt (a;) := x^^^ + x^^^ + x^^^ for any x E g®^. Then 

^2(0) := 5i(a) + [a © 1 + 1 © a, s] (2.3) 

defines a Lie bialgebra structure on g. We call s a classical twist and say that the 
bialgebra structures (g,5i) and (3,62) are related by a classical twist. 

The construction of the double suggests another notion of equivalence between bial- 
gebras. Namely, we say that Lie bialgebra structures 61 and 62 on g are in the same 
twisting class if there is a Lie algebra isomorphism / : D{g,6i) — > D{g,62) satisfying 
the properties: 

1) Qi{x, y) = Q2{f{x), f{y)) for any x,y E D{g, 61), where Qi denotes the canonical 
form on D{q, 6i), i = 1, 2. 

2) / o ji = 32, where ji is the canonical embedding of g in D{q, 5i). 

For a finite-dimensional g, it was shown in [20] that two Lie bialgebra structures are 
in the same twisting class if and only if they are related by a classical twist. 

Example 2.1. Let g be finite-dimensional. All Lie bialgebra structures induced by 
triangular r-matrices are related by classical twists. The classical double corresponding 
to any triangular r-matrix is isomorphic to the semidirect sum g -j- g* such that g* is a 
commutative ideal and [a, /] = ad*(a)(/) for any a G g and / G g*. 

Another example of twisting is the following: 

Example 2.2. Suppose g is simple and let 5o be the Lie bialgebra structure induced 
by the standard Drinfeld-Jimbo r-matrix. Then the entire Belavin-Drinfeld list [Ij is 
obtained by twisting the standard structure 5o- The classical double corresponding to 
any r-matrix from this list is isomorphic to g © g. 

Now, if we pass to the case of infinite-dimensional Lie bialgebra structures, we 
encounter more examples of twisting. 
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Let us recall several facts from the theory of rational solutions as it was developed in 
[33] . We let again q denote a simple Lie algebra. Denote by K the Killing form and let 
fl be the corresponding Casimir element of q. We look for functions X : — > <S> 
which satisfy 

[X'\ui,U2),X'''{uuUs)] + [X'\uuU2),X^^{u2,Us)]+ (2.4) 

+ [X'\uuUs),X''{u2,u,)]=0, 

X^\u,v) = -X^\v,u). (2.5) 

Remark 2.3. We will call these two equations the classical Yang-Baxter equation ( CYBE) 
In the case of rational and quasi-trigonometric solutions, the unitarity condition (12. 5p 
can actually be dropped. We will prove in Appendix that (12. 5p is a consequence of 

Definition 2.4. Let X{u,v) = + p{u,v) be a function from to g (g> 0, where 
p{u, v) is a polynomial with coefficients in g g. If X satisfies the CYBE, we say that 
X is a rational solution. 

Two rational solutions Xi and X2 are called gauge equivalent if there exists ct(m) G 
Aut(0[M]) such that X2{u,v) = {<j{u) <^ a{v))Xi{u,v), where Aut(g[M]) denotes the 
group of automorphisms of g[u] considered as an algebra over C[u]. 

Remark 2.5. It was proved in [33] that any rational solution can be brought by means 
of a gauge transformation to the form: 

X{u, v) = — h Poo + Piou + pmv + piiuv, 

u — V 

where poo, Pio, Poi, Pii^ 

We recall that any rational solution induces a Lie bialgebra structure on the poly- 
nomial current algebra q[u\. Let us consider a rational solution X and define the map 

■ bM — ^ gN A g[u] by 

6xia{u)) = [X{u,v),a{u)(^l + l®a{v)], (2.6) 

for any a{u) G q[u]. Obviously 6x is a 1-cocycle and therefore induces a Lie bialgebra 
structure on g[u]. 

The following result, proved in |33], shows that all Lie bialgebra structures corre- 
sponding to rational solutions have the same classical double. 

Let C[[m^^]] be the ring of formal power series in and C((m^^)) its field of 
quotients. Consider the Lie algebras q[u] = ® C[u], g[[u^^]] = 5 ® ClfM^"*^]] and 

0(O) = s®c((O)- 

Let Dx{q[u]) be the classical double corresponding to a rational solution X of the 
CYBE. Then Dx{q[u]) and g{{u~^)) are isomorphic as Lie algebras, with inner product 
which has the following form on q{{u~^)): 

Q{f{u),g{u)) = Res^=oK{f{u),giu)), (2.7) 

where f{u),g{u) G 0((m"^)). 
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Remark 2.6. This result means in fact that g((u~^)) can be represented as a Manin 
triple = q[u] © W, where is a Lagrangian subalgebra with respect to the 

invariant form Q. 

In the case q = sl(n) all rational solutions were described in the following way: 
Let dk = diag{l, ...,l,u, ...,u) {k many I's), < A; < [|]. Then it was proved 
in [33j that every rational solution of the GYBE defines some Lagrangian subalgebra 
W contained in d'^^5l{n)[[u~^]]dk for some k. These subalgebras are in one-to-one 
correspondence with pairs (L, B) verifying: 

(1) L is a subalgebra of s[(n) such that L + = sl{n), where Pk denotes the 
maximal parabolic subalgebra of sl{n) not containing the root vector Ca^of the simple 
root ak] 

(2) B is a 2-cocycle on L which is nondegenerate on L fl Pk- 

In case g = si{2) one has just two non-standard rational r-matrices, up to gauge 
equivalence: 

Xi(u,v) = \-haAe-a (2.8) 

u — V 

and ^ 

X2(u,v) = ue^a® ha — vha® e-^a, (2.9) 

U ~ V 

where = ei2, e_a = 621 and = en — 622 is the usual basis of s[(2). 



3 Quasi-trigonometric solutions of the CYBE 

Another interesting case of infinite-dimensional Lie bialgebra structures on q[u] is pro- 
vided by a class of trigonometric type solutions of the CYBE, called quasi-trigonometric 
solutions. These solutions were first introduced in [2T] . 

Definition 3.1. We say that a solution X of the CYBE is quasi-trigonometric if it is 
of the form: 

X{u,v) = ^^+p{u,v), (3.1) 

u — V 

where p{u, v) is a polynomial with coefficients in g ® g. 

The term quasi-trigonometric is motivated by the relationship between this type of 
solutions of CYBE and trigonometric solutions in the Belavin-Drinfeld meaning. The 
following result, whose proof we give in the Appendix, illustrates this fact. 

Theorem 3.2. Let X{u,v) be a quasi-trigonometric solution of the CYBE. There exists 
a holomorphic transformation and a change of variables such that X{u, v) becomes a 
trigonometric solution, in the sense of Belavin-Drinfeld classification. 

Example 3.3. A function X{u, v) = + r, where r G g ® 0, satisfies the CYBE if and 
only if r is a solution of the modified classical Yang-Baxter equation, i.e. 

r + r^^ = n (3.2) 
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[r^2,/3]^[r^2^r23] + [ri3,r23] = 0. (3.3) 

Let To denote the standard Drinfeld-Jimbo r-matrix. We fix a Cartan snbalgebra f) and 
the associated root system. We choose a system of generators Bq,, e_a and ha, where a 
is a positive root, such that K{ea, e_Q,) = 1. Then 

ro = ^Q2ea^e-a + ^), (3.4) 

a>0 

Correspondingly we have a quasi-trigonometric solution 

Xo{u,v)^ ^^ + ro. (3.5) 

u — V 

Definition 3.4. A quasi-trigonometric solution X(u,v) — ■:^+p{u,v) is called quasi- 
constant if p{u, v) is a constant polynomial. 

Proposition 3.5. Let Aut {q[u]) denote the group of automorphisms of q[u] considered 
as an algebra over C[u]. Let Xi be a quasi-trigonometric solution and a{u) e Aut(0[ti]). 
Then 

X2{u, v) = {a{u) ® a{v))Xi{u, v) 
is also a quasi-trigonometric solution. 

Proof Let Xi{u,v) = ■^+p{u, v). Since X2 obviously satisfies the CYBE, it is enough 
to check that X2 is quasi-trigonometric. We have the following: 

/ v{a{u) - a{v)) ^ \ ^ ^ ^ a{v))n+ 

\ u — V J u — V 

+((7(ii) (8) a{v))p{u, v). 

Let pi{u,v) := ^ a{v))n and p2{u,v) := (a(u) ® a{v))p{u,v). These are 

polynomial functions in u, v. Since {^{v) (8) a{v))Q, — Q,, we obtain 

X2{U,V) = hpi('U,t') -Fp2(ii,'y) 

U — V 

and this ends the proof. □ 

Definition 3.6. Two quasi-trigonometric solutions Xi and X2 are called gauge equiv- 
alent if there exists a{u) e Aut(g[M]) such that 

X2{u, v) = {a{u) (7(T;))Xi(ii, -u). (3.6) 

Any quasi-trigonometric solution X of the CYBE induces a Lie bialgebra structure 
on q[u]. Let Sx be the 1-cocycle defined by 

Sx{a{u)) = [X{u,v),a{u) ^1 + 1® a{v)], (3.7) 
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for any a{u) e q[u]. 

It is expected that all Lie bialgebra structures corresponding to quasi-trigonometric 
solutions induce the same classical double. 

Let us consider the direct sum of Lie algebras Q{{u^^ j) © q, together with the fol- 
lowing invariant bilinear form: 

Q((/(n), a), (giu), b)) = K{f{u),g{u)), - K{a, b). (3.8) 

Here the index zero means that we have taken the free term in the series expansion. 

Remark 3.7. The Lie algebra gfw] is embedded into 0(('U^"'^))©g via i — > {a{u),a{0)) 
and is naturally identified with 

Vo := {{a{u), a(0)); a{u) G g^}. (3.9) 

Consider the following Lie subalgebra of g((-u^^)) © g: 

Wo = {ia + fiz), b):fe z-'g[[z-%a G b+, 6 G b_, at, + 6^ = 0}. (3.10) 

Here f) is the fixed Cartan subalgebra of g, b± are the positive (negative) Borel 
subalgebras and denotes the Cartan part of a. We make the remark that Vq © Wq = 
q{{u^^)) © g and both Vq and Wq are isotropic with respect to the form Q. 

In order to show that all quasi-trigonometric solutions induce the same classical 
double, we will first prove the following result: 

Theorem 3.8. There exists a natural one-to-one correspondence between quasi - trigono- 
metric solutions of the CYBE and linear subspaces W of q{{u^^)) © g such that 

1) W is a Lie subalgebra in Q{{u'^))®g such that W 3 M"^g[[n"^]] for some N > 0; 

2) W®Vo = giiu-'))®Q; 

3) W is a Lagrangian subspace with respect to the inner product of q{{u^^)) © g. 

Proof. Let Vq and Wq be the Lie algebras given in Remark |3.7[ We choose dual bases in 
Vq and Wq respectively. Let {kj} be an orthonormal basis in I). The canonical basis of 
Vq is formed by Cau'', e.^w'^, kju'' for any a > 0, k > and all j; (e_a, e_Q,), (cq,, Cq.) for 
any a > 0, and {kj, kj), for all j. The dual basis of Wq is the following: e^a.u~^, eaU~^, 
kjU~^ for any a > 0, A; > and all j; (cq,, 0) and (0, — e_Q,) for all a > 0, and \{kj, —kj), 
for all j. Let us simply denote these dual bases by {vi} and {w^} respectively. We 
notice that the quasi-trigonometric solution Xq can be written as 

XQ{u,v) = {T(dT)C^wl(dVi), (3.11) 

i 

where r denotes the projection of q{{u^^)) © g onto q{{u^^)). 

We denote by HomdWQ, Vq) the space of those hnear maps F : Wq — > Vq such 
that KerF 3 M~^g[['u~^]] for some > 0. It is the space of linear maps F which are 
continuous with respect to the "m"^ - adic" topology. 
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Let us contruct a linear isomorphism $ : Vq (S> Vq — > HorriclWo, Vq) in the following 
way: 

^{x0y)iwo) = Qiwo,y)-x, (3.12) 

for any x, y & Vq and any Wo G Wq- It is easy to check that $ is indeed an isomorphism. 
The inverse mapping is ^ : HorricontiWo, Vq) — > Vq ® Vq defined by 

^{F) = J2H<)^v^■ (3.13) 

i 

We make the remark that this sum is finite since F{wq) ^ only for a finite number of 
indices i. 

The next step is to construct a bijection between HomciWo, Vq) and the set L of 
linear subspaces W of q{{u~^))®Q such that W®Vo = q{{u~'^))®Q and W 3 M"^g[[M"^]] 
for some > 0. This can be done in a very natural way. For any F G HorricontiWo, Vq) 
we take 

WiF) = {wo + F{wo);wo G Wo}. (3.14) 

The inverse mapping associates to any W the linear function Fw such that for any 
G Wq, F]v{wo) = —V, uniquely defined by the decomposition wq = w + Vq with 
w G W and Vq G Vq. 

Therefore we have a bijection between Vq ® Vq and L. By a straightforward com- 
putation, one can show that a tensor r{u,v) G Vq (S> Vq satisfies the condition r{u,v) = 
—r'^^{v,u) if and only if the linear subspace W{^{r)) is Lagrangian with respect to Q. 

Let us suppose now that X{u, v) = Xq{u, v) +r{u, v) and r{u, v) = —r^^{v, u). Then 
X{u,v) satisfies fl2.4p if and only if iy($(r)) is a Lie subalgebra of g((M~^)) ©g. Indeed, 
since r is unitary, we have that W{^{r)) is a Lagrangian subspace with respect to Q. 
It is enough to check that X{u, v) satisfies (12. 4p if and only if 

Q{[wi + ^{r){wi),W2 + $(r)(w2)],W3 + $(r)(w3)) = (3.15) 

for any elements Wi, W2 and W3 of Wq. This follows by direct computations. 

In conclusion, we see that a function X{u, v) = -^+p{u, v) is a quasi-trigonometric 
solution if and only if W{^{p — tq)) is a Lagrangian subalgebra of q{{u~^)) © q. This 
ends the proof. □ 

Remark 3.9. If is a Lagrangian subalgebra of q{{u^^)) © g satisfying the conditions 
of Theorem 13. 8t then the corresponding solution X{u, v) is constructed in the following 
way: take a basis {w^} in W which is dual to the canonical basis {vi} of Vq and construct 
the tensor 

r('u, f ) = © Uj. (3.16) 

i 

Let vr denote the projection of g{{u~^)) © g onto g[n] which is induced by the 
decomposition g{{u~^)) © g = Vq © Wq. Exphcitly, 

7c{anz"' + ... + oo + a^iu^^ + b) = UnU^ + ... + aiu+ (3-17) 
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+ -(ao(, + 6t,) + ao- + b+. 

Here ao = aof, + ao+ + ao- and 6 = 6(j + 6+ + 6_ are the decompositions with respect to 
g = P) ©n+ ©n_. Then 

X{u,v) = Xo{u,v) + {n 0TT)(r{u,v)). (3.18) 

At this point we note the following fact that we will prove in Appendix: 

Proposition 3.10. Let W be a Lie subalgebra satisfying conditions 2) and 3) of Theo- 
rem \3.8i Let r be constructed as in liy.ld]) . Assume r induces a Lie bialgebra structure 
on g[u] by 6r{a{u)) = \r{u,v),a{u) © 1 + 1 ® a{v)]. Then W ^ ti~^g[[n^-'^]] for some 
positive N. 

For any quasi-trigonometric solution X of the CYBE denote by Dx{g[u]) the clas- 
sical double of g[u] corresponding to X. 

Theorem 3.11. For any quasi-trigonometric solution X of the CYBE there exists an 
isomorphism of Lie algebra Dx{q[u]) and g{{u'^)) © g identical on g[u], which trans- 
forms the canonical bilinear form on Dx{q[u]) to the form Q. 

Proof. One can easily check that if is a Lagrangian subalgebra of g{{u^^)) © q, 
corresponding to a quasi-trigonometric solution X{u,v) = -\- p{u,v), then W is 
isomorphic to (flfit])* with the Lie algebra structure induced by X. 

Indeed, with the notation introduced in Theorem 13.81 let F := Fw- It is enough to 
check that for any vq E Vq and wi,W2 G Wq the following equality is satisfied: 

Q{vo, [wi + F{wi),W2 + F{W2)]) =< 5xiVo),Wi © W2 >, 

where <, > denotes the pairing between Vq''^ and Wq'^ induced by Q. This equality is 
implied by the following identities: 

Q{Vo, [Wi,W2]) =< 5xo{vo),wi ® W2 >, 

Q{vo, [F{wi),W2]) =< [p - ro, 1 © fo], Wi © W2 >, 
Q{vo, [wi, F{w2)]) =< [p - ro, Vq l],Wi iS) W2 > . 

□ 

Remark 3.12. Theorem 13.111 states in particular that all quasi-trigonometric solutions of 
CYBE are in the same twisting class. This can be seen directly, since by the definition 
of quasi-trigonometric solutions they are related to the solution (13. 5p by classical twists. 

Theorem 3.13. Let Xi and X2 be quasi-trigonometric solutions of the CYBE. Suppose 
that Wi and W2 are the corresponding Lagrangian subalgebras of q{(u^^)) © g. Let 
a{u) G Aut(g['u]^ and o-{u) be the automorphism of q{{u^^)) ©g induced by a{u). The 
following conditions are equivalent: 

1) Xi{u,v) = {a{u)®a{v))X2{u,v); 

2) Wi = a{u)W2. 



9 



Proof. 1) =^ 2). Let us begin by proving this for the particular case Xi = Xq and 
X2 = (cr(u) ® cr{v))Xo{u,v). The Lagrangian subalgebra corresponding to Xq is Wq 
given by fl3.10p . On the other hand, one can check the Lagrangian subalgebra W2, 
corresponding to the solution X2, consists of elements 

i i 

for any / G Wq. Here {vi} and {wq} are the dual bases of Vq and Wq introduced in the 
proof of Theorem 13.81 We show that W2 = a{Wo). 

Let g denote the projection of onto Wq induced by the decomposition Vq © 

Wo = Qiiu-^)) ® 5. Then 

i 

which implies that / = (^{g). Therefore W2 C alWo). The other inclusion is similar. 

Let us pass to the general case. If Xi{u, v) = Xo{u, v)+r{u, v) is a quasi-trigonometric 
solution with r('u, f ) = ^ akU^®hjV^ , then the corresponding Wi consists of elements of 
the form / + ^(/, 6jM-^)afcM'^, for any / in Wo- Now let X2('U, f ) = {a{u)®a{y))Xi{u,v). 
The corresponding subalgebra W2 is formed by elements of the form 

Jr ■■= Y^{fMv,))-a{wl)+^{f,a{hju'))a{aku''). 

i 

It is easy to see that fr =a{h), where h := g + J^id^ bjU^)akU^ and g is the projection 
of onto Wq. These considerations prove that a{Wi) = W2. 

2) =^ 1). Suppose that W2 = a-(Wi). Let X2 := (cr('u) ®a{v))Xi{u,v). It is a quasi- 
trigonometric solution which has a corresponding Lagrangian subalgebra W2. Because 
1) =^ 2) we obtain that W2 = o^iWi) and thus W2 = W2. Since the correspondence 
between solutions and subalgebras is one-to-one, we get that X2 = X2. □ 

Definition 3.14. We will say that Wi and W2 are gauge equivalent (with respect to 
Aut(0['u])) if condition 2) of Theorem 13.131 is satisfied. 

Theorem 3.15. Let X{u,v) = +p{u,v) be a quasi-trigonometric solution of the 
CYBE and W the corresponding Lagrangian subalgebra of q{{u^^)) © q. Then the fol- 
lowing are equivalent: 

1) p{u,v) is a constant polynomial. 

2) W is contained in g[[u^^]] © g. 

Proof. We keep the notations from the proof of Theorem 13.81 and also those from Remark 
13.91 Let r{u,v) = p{u,v) — tq and F = $(r(M,u)). If p{u,v) is constant, then F{wo) G 
® g for any wq G Wq. Therefore W{F) C 0[[m~"^]] ©g. Conversely, let us suppose 
that W is included in g[[n^-'^]] © g. The orthogonal of g[[n^^]] © g with respect to Q is 
obviously n^^g[[n^^]]. Since W is a Lagrangian subalgebra, it follows that W contains 
M~^g[[M~^]]. According to the previous remark, r{u,v) = (tt © 7r)(r(u, f )), where vr is 
the projection onto g[u] induced by the decomposition q{{u^^)) © g = Vq © Wq and 
r{u,v) = ^jW* © Vi. Now it is clear that r is a constant. This ends the proof. □ 



10 



4 Classification of quasi-trigonometric solutions 



We have seen that gauge equivalent solutions correspond to gauge equivalent subalge- 
bras W. Thus, the classification of quasi-trigonometric solutions is equivalent to the 
classification of W satisfying the conditions of Theorem [331 In order to classify such W 
we will use a method from [35] which allows us to embed in a suitable C-subalgebra 
of 0((u-i))©0. 

Having fixed a Cartan subalgebra f) of g, let R be the correspondig set of roots and 
r the set of simple roots. Denote by Qa the root space corresponding to a root a. Let 
[)(]R) be the set of all /i G f) such that a{h) G M for all a E R. Consider the valuation 
on C((u"^)) defined by vi^j^^^a^u''^) = n. For any root a and any h G set 
M„(/i):={/ G C((m-1)) : v{f) > a{h)}. Consider 

Oh ■■= i)[[u-^]] © {(BaeRMaih) ® 0„). (4.1) 

As a direct corollary of Theorem 4 from [35], the following result can be deduced: 

Theorem 4.1. Up to a gauge equivalence, any subalgebra W which corresponds to a 
quasi-trigonometric solution can be embedded into Oh x g, where h is a vertex of the 
following standard simplex {h G f)(]R) : a{h) > for all a eT and ctmax < !}■ 

Vertices of the above simplex correspond to vertices of the extended Dynkin diagram 
of g, the correspondence being given by the following rule: 

^ Omax 
hi ^ Oi, 

where aiihj) = Sij/kj and kj are given by the relation ^ kjaj = Omax- We will write 
Oa instead of Oh if « is the root which corresponds to the vertex h. 

Remark 4.2. We have O^^^^^ = g[[M^-'^]]. We have already seen that a quasi-trigonometric 
solution is quasi-constant if and only if its corresponding W is embedded into O^^^^^ x g. 

Remark 4.3. It might happen that two Lagrangian subalgebras Wi and W2 are gauge 
equivalent even though they are embedded into different O^i x g and x g. If there 
exists an automorphism of the Dynkin diagram of g taking ai into 02, then Wi and W2 
are gauge equivalent and the corresponding quasi-trigonometric solutions as well. 

Let us suppose now that a is a simple root which can be sent to — ctmax by means 
of an automorphism. Such a root has coefficient one in the decomposition of Omax 
and will be called a multiplicity free root. Let us denote by pa the standard parabolic 
subalgebra of g generated by all root vectors corresponding to simple roots and their 
opposite except —a. Let la denote the set of all pairs in x pa with equal Levi 
components. This is a Lagrangian subalgebra of g x g, where g x g has been endowed 
with the following invariant bilinear form 

Q'((a, 6), (c, d)) := K{a, c) - K{b, d). (4.2) 
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Theorem 4.4. The set of subalgebras W C O^xg, corresponding to quasi-trigonometric 
solutions, is in a one-to-one correspondence with the set of Lagrangian subalgebras I of 
g X g, with respect to the bilinear form Q' , which satisfy the condition ^© la = g x g. 

Proof. The proof is based on the foUowing resuh from ^34J: Let G be the simply con- 
nected Lie group with Lie algebra g. Denote by Gad the Lie group G/Z{G). Let H be 
the Cartan subgroup with Lie algebra f) and ifad hs image in Gad- If a is a multiplicity 
free root, then and O^^^^^ are conjugate by an element of Had{'C{{u~^))). 
Suppose now that 1^ C Oq, x g, then (O^ x g)-^ C = W. It follows that 

W X g 0„ X g , , 

^ 77^ TT - frn. IT - S X 0- (4-3) 



(0„ X g)^ - (O, X g)^ (0,_ x g 

Denote by I the image of the quotient (q in g x g. One can check that I is a 
Lagrangian subalgebra of g x g with respect to Q' . 

Moreover the image of q[u\ in gxg, after passing to the quotient as above, is precisely 
[q. Since W is transversal to q[u\, it follows that [ should be transversal to t^- 

Conversely, if [ is a Lagrangian subalgebra transversal to Iq, in g x g, then its corre- 
sponding lift, W , is transversal to q[u]. □ 

We see that in the case of multiplicity free roots, the classification of quasi-trigonometric 
solutions reduces to the following 

Problem. Given a multiplicity free root a, find all subalgebras [ of g x g which 
build a Manin triple (Q', \-ai 0; with respect to the invariant bilinear form on g x g. 

This problem was solved in |30j by using the classification of Manin triples for 
complex reductive Lie algebras which had been obtained by P. Delorme in [6j. The 
classification of Manin triples was expressed in terms of so-called generalized Belavin- 
Drinfeld data. Let us recall Delorme's construction. 

Let r be a finite-dimensional complex, reductive. Lie algebra and B a symmetric, 
invariant, nondegenerate bilinear form on r. The goal in [B] is to classify all Manin 
triples of r up to conjugacy under the action on r of the simply connected Lie group TZ 
whose Lie algebra is r. 

One denotes by r+ and r_ respectively the sum of the simple ideals of r for which 
the restriction of B is equal to a positive (negative) multiple of the Killing form. Then 
the derived ideal of r is the sum of r+ and r_. 

Let jo be a Cartan subalgebra of r, bo a Borel subalgebra containing jo and be its 
opposite. Choose bo H r+ as Borel subalgebra of r+ and bg fl r_ as Borel subalgebra of 
t_. Denote by S+ (resp., S_) the set of simple roots of r+ (resp., r_) with respect to 
the above Borel subalgebras. Let S = S+ U S_ and denote by W = {Ha, Xa, ^a)ogs a 
Weyl system of generators of [r, r] . 

Definition 4.5 (Delorme, |B]). One calls {A, A', i^, ia') generalized Belavin-Drinfeld data 
with respect to B when the following five conditions are satisfied: 

(1) A is a bijection from a subset r+ of E+ on a subset r_ of S_ such that 

B{HAa, Hap) = -B{Ha, Hp), a,(3e r+. (4.4) 
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(2) A' is a bijection from a subset r'^_ of S+ on a subset r'_ of S_ such that 

B{Ha,^,Ha'p) = -B{H^,Hp),a,(3e T'^. (4.5) 

(3) If C = A-^A' is the map defined on dom(C) = {a E T'^ : A' a G r_} by 
Ca = A^'^A'a, then C satisfies: 

For all a G dom(C), there exists a positive integer n such that a,..., C^~^a G dom(C) 
and ^ dom(C). 

(4) in (resp., Xa') is a complex vector subspace of jo, included and Lagrangian in the 
orthogonal a (resp., a') to the subspace generated by H^, a G r+ur_ (resp., r'^ur'_). 

(5) If f is the subspace of jo generated by the family + Haoi, a G r_|_, and f is 
defined similarly, then 

(f®ia)n(f©i„0 = 0. (4.6) 

Let i?+ be the set of roots of jo in r which are linear combinations of elements of r_|_. 
One defines similarly R_, R'_^ and R'_. The bijections A and A' can then be extended 
by linearity to bijections from to R- (resp., R'_^_ to R'_). If A satisfies condition (1), 
then there exists a unique isomorphism r between the subalgebra m+ of r spanned by 
Xa, Ha and Y^, a G r+, and the subalgebra m_ spanned by Xa, Ha and Ya, a G r_, 
such that T{Ha) = HAa, T{^a) = ^Aa, ^iXa) = ^Aa for all a G r_|_. If A' satisfies (2), 
then one defines similarly an isomorphism r' between m'+ and m'_. 

Theorem 4.6 (Delorme, [6]). (i) Let BV = {A, A' ,ia,ia') be generalized Belavin- 
Drinfeld data, with respect to B. Let n he the sum of the root spaces relative to roots a of 
jo in bo, which are not in R+VJR_. Let i := fi©ia©n, where 6 := {X + r(X) : X G m+}. 

Let n' he the sum of the root spaces relative to roots a of }q in b'^, which are not in 
R'^ U i?'„. Let i' := t' © i^/ © n' , where t' := {X + t'{X) : X G m'+}. 

Then (-B,i, i') is a Manin triple. 

(a) Every Manin triple is conjugate hy an element of TZ to a unique Manin triple 
of this type. 

Remark 4.7. One says that the Manin triple constructed in (i) is associated to the 
generalized Belavin-Drinfeld data BV and the system of Weyl generators W. Such a 
Manin triple will be denoted by 7b©,>v- 

Recall that F denotes the set of simple roots relative to a Cartan subalgebra f) of 
g. For a subset S of F, let [S] be the set of roots in the linear span of S. Let xxis := 
^ + EaG[5]0"' ■= Ea>o,a^[5]flc., Ps ■= + ^s- We also consider Qs ■= [^5,^5], 
i)s '.= f)n05 and ^5 := {a; G f) : a{x) = 0, Va G S}. Consider the Lagrangian subalgebra 
[5 of X g which consists of all pairs from ps x ps with equal components in m^. 

In [30] , the general result of Delorme was used in order to determine Manin triples 
of the form [Q', [5, 1). This enables one to give the classification of all Lagrangian 
subalgebras I of x g which are transversal to a given I5. We devote the rest of this 
section to presenting the main results of [30]. We refer to [30] for the proofs. 

First of all, let us choose a suitable system of Weyl generators for x g. Let b be 
a Borel subalgebra of g containing the Cartan subalgebra (). Then bo := b x b is a 
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Borel subalgebra of g x g containing the Cartan subalgebra )o := i) x 1). One denotes 
by E+ the set of pairs (a;,0), and by S_ the set of pairs (0,— a), where a E T. Let 
S := S+ U S_. 

Let {Xa, Ya, Ha)a£r be an arbitrary Weyl system of generators for g. A system of 
Weyl generators of g x g with respect to this choice of simple roots can be chosen as 

follows: X^afl) = (^a,0), H(^a,0) = {Ha,0), ^(a.O) = {Ya,0), ^(O-a) = (0,l^a), = 

{0,—Ha), ^{0,-ci) = (0,Xo). A Manin triple associated to some generalized Belavin- 
Drinfeld data BV for g x g with respect to this Weyl system will simply be noted by 

Let 9s be the automorphism of g^ uniquely defined by the properties 9s{Xa) = Ya, 
(^s{Ya) = Xa and 9s{Ha) = —H^ for all a E S. Recall that there is a short exact 
sequence 

l^Gs^ Aut(g5) — ^ Aut5 ^ 1 (4.7) 

where Aut^ denotes the group of automorphisms of the Dynkin diagram of Qs- Let 9s 
be the image of 9s in Autg. Therefore 9s can be written uniquely as 

9s = iJsAdg,, (4.8) 

where go G Gs and ips is the unique automorphism of Qs satisfying the properties: 

ips{Xa) = Xe^^a), ips(Ya) = Yes(a), ipsiH^) = Hes{a) for all S. 

Theorem 4.8. For any Manin triple {Q', [g, [), there exists a unique generalized Belavin- 
Drmfeld data BV = (A, A', i„, i„/) where A : S x {0} — > {0} x {-S), A{a,0) = 
{0, —9s{<y)) and ia = diag(Cs); such that {Q',lsA) ^■5 conjugate to the Manin triple 

Moreover, up to a conjugation which preserves is, the Lagrangian subalgebra [ is of 
the form 

[=(idx Ad,J(i'), 
where go G Gs is the unique element from the decomposition (^7^. 

Lemma 4.9. Let A : ^x {0} — > {0} x {-S), A{a,0) = {0,-9s{a)) andia = diag(Cs). 
A quadruple {A, A' ,ia,ia') is generalized Belavin-Drinfeld data if and only if the pair 
(A',io/) satisfies the following conditions: 

(1) A' : Ti X {0} — > {0} X (— r2) is given by an isometry A' between two subsets 
Li andV2 ofV : A'(a,0) = (0,-i'(a)). 

(2) Let dom(A',S) := {a G Li : A'(a) G S H Ls}. Then for any a G dom(A', S) 
there exists a positive integer n such that a, {9sA'){a),..., {9sA')^~^{a) G dom(A', S) 
but {9sA'Y{a) i dom(A',S). 

(3) Consider As := {{h + h', -ips{h) + h') : h e f)^, h' G Cs}- Let f be the subspace 
of [) X [) spanned by pairs {Ha, — -f^A'(Q)) /^'^ a G Fi. Let ia' be Lagrangian subspace 
of a' := {(/ii,/i2) ei)xi): a{hi) = 0,/5(/i2) = 0,Va G Ti,\/p G T2}. Then 

(f ©i„0nA5 = O. (4.9) 
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Definition 4.10. A triple (ri,r2,v4') is called S-admissible if condition (2) of Lemma 
14.91 is satisfied. 

Let Qq denote the Cartan component of the Casimir element fl. Let tti (resp., 712) 
be the projection of f) onto l)s (resp., (s)- Let Kq be the restriction of the Killing form 
i^' of g to f), which permits an identification between f) and f)*. If R is an endomorphism 
of f), denote by R* the adjoint of R regarded as an endomorphism of f). 

Lemma 4.11. (i) Suppose that (f © i;,') fl = 0. Then there exists a unique linear 
endomorphism R of i) such that 

f = {{Rh,R'h) : hei)}, (4.10) 

where R'h := 7ri(/i) — iT2{h) — ips'n'iiRh) + 7C2{Rh), and 

(V'sVTi + 7i2)R + R*{^sTri + TTs) = idf,. (4.11) 

(a) There exists a bijection between the Lagrangian subspaces ia' of a' satisfying the 
condition (f © ia') fl = 0, and the endomorphisms R of i) verifying ( [^.iip and the 
additional condition: 

R{{i^s^i + '^2){H,) + (vTs - 7ri)(if^,(^))) = H,,\/^ e Li. (4.12) 

(Hi) There exists a bijection between endomorphisms Rofi) verifying and \4.12^ 

and tensors r G f) © f) satisfying the following conditions: 

(id © {iJsT^i + vr2))(r) + ((^57^1 + 712) © id)(r2i) = ^q, (4.13) 

((i'(7)(7r2 -TTi) ©id)(r) = ((^57ri + 7r2) ©7)(r),V7 G Fi. (4.14) 

Corollary 4.12. Let A : S {0} — ^ {0} x {-S), A(a,0) = (0, -^5(a)) anc? = 
diag(Cs)- There exists a one-to-one correspondence between generalized Belavin-Drinfeld 
data (A, A', ia, Iq/) and pairs formed by an S-admissible triple (ri,r2, A') and a tensor 
r G f) © f) satisfying conditions (JjJ^j U-Hl )- 

Theorem 4.13. Suppose that I is a Lagrangian subalgebra of g x q transversal to [5. 
Then, up to a conjugation which preserves [5, one has I = (id x Adgg){i'), where i' is 
constructed from an S-admissible triple (ri,r2, A') and a tensor r G f) © f) satisfying 
conditions U-13\ ), 

Let a be a multiplicity free root of q. Set S = T \ {a}. We write 9^ instead of 9s 
and ipa instead of ips- We make the remark that a triple (ri,r2,v4') is ^-admissible if 
and only if it is in one of the two situations: 

I. If a ^ r2, then (Fi, 6^0, (F2), 9aA') is an admissible triple in the sense of pQ. 

II. If a G F2 and A'{p) = a, for some p G Fi, then (Fi \ {p}, 9^{T2 \ {a}), 9^A') is 
an admissible triple in the sense of [1]. 

By applying Theorem 14. 131 in the particular case S = T\ {a} and working with the 
tensor f := ((V'qTTi + 712) © id)(r) instead of r, one obtains 
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Theorem 4.14. Let a be a multiplicity free root. Suppose that I is a Lagrangian 
subalgebra of gx q transversal to [q,. Then, up to a conjugation which preserves la, one 
has [ = (id X Adgy)(i'), where i' is constructed from a pair formed by (Fi, A') and a 
tensor f G f) C?) f) satisfying the following conditions: 

(1) (Fi, A') is of type I or II from above. 

(2) f satisfies 

r + f'^^=VLo, (4.15) 

(3) If (Fi, F2, A') is of type I, then r satisfies 

(e«i'(7) ®id)(f) + (id®7)(f) = 0,V7 G Fi. (4.16) 

(4) If (Fi,F2,v4') is of type II and A'{/3) = a, then r satisfies Ili4.16\ ) for all 7 G 
Fi \ {p} and 

{a{7C2 - iJaT^i) ® id)(f) = (id O p){r). (4.17) 

The construction of the quasi-trigonometric solutions can be summed up as foUows. 
Suppose that (Fi, F2, A') is of type I or II from above. Then one finds the tensor f and 
consequently r. This induces a unique endomorphism i? of f), which in turn enables 
one to construct the subspace in/, according to fl4.10p . This is enough to reconstruct 
i'. Then [ := (id x Adgg){i') is a Lagrangian subalgebra of g x g which is transversal 
to la- Moreover, [ can be lifted to a Lagrangian subalgebra W of g(('u~^)) © g which 
is transversal to g[u]. By choosing two appropriate dual bases in q[u] and W respec- 
tively, we reconstruct the quasi-trigonometric solution X{u,v). We will illustrate this 
procedure by several examples. 

Example 4.15. Quasi-trigonometric solutions for s[(2). Let e, /, h be the canonical 
basis of si{2) and a be the simple root with root vector e. Then F = {a}. We have 
two cases: 

I. Fi = F2 = and f = ® h. Correspondingly we get one quasi-trigonometric 
solution: 

Xo(M,t;) = ^— + ro, (4.18) 

u — V 

where O = e®f + f®e + \h®h and tq = e® f + \h®his the Drinfeld-Jimbo r-matrix 
for5[(2). 

II. Fi = F2 = {a}. A' = id and f = \h ® h. The corresponding quasi-trigonometric 
solution is 

Xi{u,v) = Xq{u,v) + {u-v)e®e. (4.19) 

Example 4.16. Quasi-trigonometric solutions for 5[(3). Denote by a the simple 
root with root vector ei2 and by (3 the one with root vector 613. Then F = and 
both roots are singular. We will present the quasi-trigonometric solutions corresponding 
to the root a. 

I. Fi = F2 = 0. Then f = a(eii -633) (g) (622 -633) +6(622 -633) ® (en -633) + |(eii - 
633) ® (en - 633) + i(e22 - 633) (622 - 633), where a + h = -\. The corresponding 
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quasi-trigonometric solution is quasi-constant: 

Xoiu,v) = ^^ + ro, (4.20) 

u — V 

where Tq is the Drinfeld-Jimbo non-skewsymmetric r-matrix in s[(3). 

II. Ti = {a}, T2 = {a}, A'{a) = a. Then f = -|(eii - 633) (g) (622 - 633) + |(eii - 
633) (8) (eii — 633) + |(e22 — 633) (e22 — 633). It follows that the corresponding solution 
of the GYBE is again quasi-constant: 

X,{u,v) = ^^ + n, (4.21) 

u — V 

where ri is another non-skewsymmetric r-matrix in sl(3). 

III. Ti = {a}, T2 = m, A'{a) = [3. Then f = -|(e22 - 633) ® (en - 633) + |(en - 
633) ® (en — 633) + |(e22 — 633) (622 — 633). This data allows one to construct the 
following Lagrangian subalgebra which is transversal to [„: 

[fab \ / -a- d \ \ 
l = {l I c d , * a 6 : a, 6, c, c/ G C}. (4.22) 
\ \ * * —a — d J \ * c d J J 

Correspondingly, one obtains the following solution: 

X2{u, v) = Xo{u, v) - u{ei2 ® 632) + v{e^2 ® 612) - \{eii - 622) ® (622 - 633). (4.23) 

o 

nr. Fi = r2 = {a}, A'{[3) = a and the same f as in III. We have a quasi- 
trigonometric solution which is gauge equivalent to (14.231) . 

IV. Ti = 12 = {a, A'{a) = (3, i'(/3) = a. Then r = -|(e22 - 633) ® (en - 633) + 
I (en - 633) ® (en - 633) + |(e22 - 633) (622 - 633). This data induces the following 
Lagrangian subalgebra: 

1= {{X,TXT-^) :Xgs[(3)}, 

where T = 613 + 621 + 632. This is a subalgebra transversal to [«. 
The corresponding quasi-trigonometric solution is 

X3(m, v) = Xo{u, v) - u{ei2 ® 632 + ei3 (g) eu + ® 613)+ (4.24) 

v{e32 ® ei2 + ei2 ® 613 + 613 ® 612) + (ei3 + 623) A 623 + ^(en - 633) A (en - 622)- 



Remark 4.17. Solutions corresponding to the simple root (3 are gauge equivalent to the 
solutions corresponding to a. The solutions with non-constant polynomial part are the 
following: 

Y2{u, v) = Xo{u, v) + v{e2i ® 623) - (^623 (8> 621) - ^(en - 622) ® (622 - 633), (4.25) 
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which is equivalent to X2{u,v), and 

Ys^u, v) = Xo{u, v) - u(ei3 ® 623 + 623 ® + 623 ® 621)+ (4.26) 

V{ei3 (g) 623 + 623 ® 613 + 621 ® 623) + (613 + 621) A 612 + ^(cn - 622) A (622 " 633), 

o 

which is equivalent to X3{u,v). 

Example 4.18. Two examples of quasi-trigonometric solutions for si{N) of 
Cremmer-Gervais type. We reconstruct two Lagrangian subalgebras which pro- 
vide two quasi-trigonometric solutions for g = sl{N). These Lagrangian subalgebras 
are transversal to [qi and are related to the Cremmer-Gervais Lie bialgebra structure 
on 0. 

Let us consider the set of simple roots T = {ai, ...,aN-i} and take S = T \ {ai}. 
Let us denote by (Xq, Ya, Ha)a&T the standard Weyl system. In order to construct an 
S-admissible triple {Vi,V2, A'), let us first determine the map 6s '■ S — ^ S. One can 
easily check that 9s is the following involution: 9s{ai) = a^+i-i, for all i = 2, A^ — 1, 
and that qq = Tjv-i is the (A^ — 1) x {N — 1) matrix with 1 on the second diagonal and 

elsewhere. 

I. Consider Fi = {ai, ...,0^-2}, ^2 = {c(2, ■■■,(^n-i} and A'{ai) = a^-i- This is 
an S-admissible triple. Indeed, 9sA'{ai) = Oj+i and (Fi, 6'5(r2), ^5^') is an admissible 
triple in the sense of [I], which is known to be related to the Cremmer-Gervais Lie 
bialgebra structure on g (see j5j). The tensor f satisfying (14.151) . (I4.16P is the Cartan 
part of the Cremmer-Gervais non-skewsymmetric constant r-matrix. 

Let denote the sum of all eigenspaces of negative roots which contain Q!Ar_i 

in their decomposition. Let n"^ be the sum of all eigenspaces of negative roots which 
contain ai in their decomposition. One can easily check that the Lagrangian subalgebra 
i' constructed from this data is the following: i' = n' © [„' © t', where n' = n~^_^ x n~^, 
ia' = span{{diag{l, 1, 1, — 1), {diag{—N + 1, 1, 1)) and t' is spanned by the set 
of pairs (X„,,r„^_J, (Y„,,Xq^_J, {Ha„ -H^j^^J, i = 1, ...,N - 2. Let us consider go 
as an element of SL{N) and take 

h = (id X Adg,){i') = n-^_^ X n" © {{x,t{x)) : x G m,^_J, (4.27) 

where r^Cij) = 6j+ij+i and ttIc^ j denotes the reductive part of pa^v-i- This Lagrangian 
subalgebra is transversal to and therefore induces a quasi-trigonometric solution 
corresponding to ai. Denote this solution by Xi{u,v). 

II. We consider Fi = F2 = F and A'{ai) = aN-i- This is indeed an S-admissible 
triple since (Fi\{aAr_i}, 6'5'(F2\{ai}), 9sA') is an admissible triple in the sense of [1]. We 
have Fi \ {a^v^i} = {ai, 0^-2}, Os{T2 \ {ai} ) = {"2, "iv-i} and 9sA'{ai) = a^+i. 
The tensor f, which satisfies the system ( ]4.15p . ( 14.16^ for 7 = = 1, ...,A^ — 2 and 
(14.171) . is as in case I. 

We obtain i' = {{X,AduiX)) : X G si{N)}, where U G SL{N) is the matrix with 

1 on the second diagonal and zero elsewhere. Finally take 

= (id X Adg,){i') = {(X, AdT(X)) : X G 5l{N)}, (4.28) 
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where T = qqU = eiN + e2i+e32 + ---+eN,N~i- This Lagrangian subalgebra is transversal 
to and consequently provides a quasi-trigonometric solution X2{u, v), corresponding 
again to the root ai. 

Solutions Xi{u, v) and X2{u, v) will be called quasi-trigonometric solutions of Cremmer- 
Gervais type. Regarding their quantization, we will quantize instead the following so- 
lutions: 

X[{u,v) = {a®a)Xi{u,v), (4.29) 
X2(m, v) = {a® a)X2iu, v), (4.30) 

where cr{A) = —A*. 

5 Quantum twists and their affinization 

The aim of the second part of our paper is to quantize certain quasi-trigonometric 
solutions of the GYBE and the corresponding Lie bialgebra stuctures on q[u] in case 
g = sl{N). We already know that all of them are in the same twisting class and there- 
fore the corresponding quantum groups are isomorphic as algebras but with different 
comultiplications. However, these comultiplications can be obtained from each other 
via quantum twisting (see [I7j, [2T]). 

So, we would like to outline some basic elements of quantum twisting of Hopf al- 
gebras (see [H], p. 84-85). Suppose given a Hopf algebra A := A{m, A,e, S) with a 
multiplication m : A ^ A ^ A, a coproduct A : A A ® A, a. counit e : A ^ C, and 
an antipode S : A ^ A. 

An invertible element F & A ® A, F = f-^^ fj'^'^ is called a quantum twist if it 
satisfies the cocycle equation 

Fi2(A®id)(F) =F23(id® A)(F), (5.1) 

and the "unital" normalization condition 

(e (g) id) (F) = (id ® e) (F) = 1 . (5.2) 

Now we can define a twisted Hopf algebra A^^'> := A^^\m, A^^\ e, S^^^) which has 
the same multiplication m and the counit mapping e but the twisted coproduct and 
antipode 

A(^)(a) = FA{a)F-\ S^^\a) = uS{a)u-\ u = Y, fP S{fi''^) {a e A) . 

(5.3) 

The Hopf algebra A is called quasitriangular if it has an additional invertible element 
(universal i?-matrix) i?, which relates the coproduct A with its opposite coproduct A 
by the transformation 

A{a) = RA{a)R-^ (a G A) , (5.4) 
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with R satisfying the quasitriangularity conditions 

(A ® id){R) = R^^R^^ , (id ® A){R) = R^^R^^ . (5.5) 

The twisted ("quantized") Hopf algebra A^^^ is also quasitriangular with the universal 
i?-matrix R^^^ defined as follows 

r(f) = p^iRp-i ^ (5.6) 

where F'^^ = J2ifi'^^ ® fi^^- ^^^^ ^^^P ^'^ fi^*^ ^ quantization of the Lie 

bialgebra structure on g[u] defined by Xq{u,v), which was described in Section 3. It is 
well-known that the corresponding quantum group is the so-called Ug{Q[u]) which is a 
parabolic subalgebra of the quantum affine algebra Uqi^Q). In case sl{N) this algebra 
will be defined below. However, it turns out that it is more convenient to work with its 
extended version Ug{Ql^[u]) . 

The second step is to find explicit formulas for the quantum twists. We use two 
methods. 

A) . Affinization by Hopf isomorphism. Let F be a quantum twist and let Sup{F) 
be a minimal Hopf subalgebra, whose tensor square contains F, which we call the 
support of F. Similarly we define the support of a classical twist as the minimal Lie 
subbialgebra, whose tensor square contains the given classical twist. 

It turns out that for certain quasi-trigonometric solutions for 5l{N), the correspond- 
ing support (in s[(A^)['u]!) is isomorphic to the support of a certain classical twist in 
5[(A^-|-1), which is however constant! This observation enables us to apply results of [15], 
[in], where constant twists from the Belavin-Drinfeld list were quantized. Of course, 
the corresponding quantum twists, one in Uq{sl{N)[u]) and the second in Uq{sl{N + 1)) , 
have isomorphic quantum supports. We will call this method affinization by Hopf iso- 
morphism. 

B) . Affinization by automorphism. Let F be some constant twist of Uq{Q) and u 
be some automorphism of f/q(g[u]) such that uj{Uq{Q)) ^ Uq{Q). Then, under some 
conditions the element -FV(tj) := {uj^^tt^iv) ® id)F will be also a quantum twist, i.e. 
it satisfies the cocycle equation (15.11) . Here n : Uq{Q[u]) Uq^Q) is the canonical 
projection (the images of the affine roots are zero). The method is interesting on its 
own but what is more important is that it leads to quantization of rational solutions of 
the GYBE. 

We consider these two methods on examples for the quantum algebra Uq{Qlj^[u]). 

6 A quantum seaweed algebra and its affine realiza- 
tion 

As we already mentioned it is more convenient to use instead of the simple Lie algebra 
slj^ its central extension qIj^. The polynomial affine Lie algebra flfjvf'w] is generated by 
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Cartan-Weyl basis e[^^ := CijU^ = 1,2,...N, n = 0,1,2,...) with the defining 
relations 

The total root system S of the Lie algebra 0lAr[^t] with respect to an extended Cartan 
subalgebra generated by the Cartan elements en {i = 1,2, . . . , N) and d = u{d/du) is 
given by 

S(0tAfM) = {ei - ej, n5 + ei- ej, n6 \ i ^ j; i, j = 1,2, . . . , N; n = l,2,...} , (6.2) 

where (i = 1, 2, . . . , N) is the orthonormal basis of a A^-dimensional Euclidean space 
dual to the Cartan subalgebra of gl^. 

We have the following correspondence: e-"^ = ens+et-ej for i 7^ j, = 0, 1, 2, . . .. We 
choose the following system of positive simple roots: 

n(0tAf M) = {ai := ei - e^+i, ao := 5 + e^ - ei | i = 1, 2, . . . - 1} . (6.3) 

Now we would like to introduce seaweed algebra, which is important for our purposes. 
Let sttijv_|_i be a subalgebra of aItv+i generated by the root vectors: 621, e^j.,.]^, ei_^_n 
for i = 2,3, ... and e^vTv+n also by the Cartan elements: e-^^^ + e^y+iAr+i, e^j 
for i = 2, 3, . . . , iV. It is easy to check that sidat+i has the structure of a seaweed Lie 
algebra (see [7]). 

Let stv^ be a subalgebra of glArfw] generated by the root vectors: efi, efi_^_i, ej-°\ ^ for 

z = 2, 3, . . . , and e^^\, and also by the Cartan elements: e^f for i = 1, 2, 3, ... , A^. It is 
easy to check that the Lie algebras stu n and stt)^_,_]^ are isomorphic. This isomorphism 
is described by the following correspondence: ^i+i^i ^ 

for i = l,2,...,iV - 1, 

^ for i = 2, 3, . . . , - 1, e^^^+i ^ e^^\ for i = 2, 3, . . . , A^ - 1, and 

{e^i + ^ efi , e^^ ^ efl^ for i = 2,3, ...,A^. We shall call stUiv an ajjine 

realization of sro^,^]^. 

Now let us consider the g-analogs of the previous Lie algebras. The quantum algebra 
f/g(g[^) is generated by the Chevalley element^] ^^i, e^^^ ^ {i = 1,2, . . . ,N — 1), q^"^" 
{i = 1,2, . . . , N) with the defining relations: 

q^iiq^jj - 



<f"'^jk1 = (1^"' ^"'"'^jk (|j - ^1 = 1) 5 



"-i+ljJ q-q-^ ' (6.4) 

h^i+i, e^.^.+i] = for > 2 , 

[e^+i^i, ej_^^j] = for |z - j| > 2 , 

[h,i+i, (^j,j+i\q, S'j+i]? = K - Jl = 1 , 

Ih+i^i, ej+^j]g, ej_^^j]g = for |z - j| = 1 . 



^We denote the generators in the classical and quantum cases by the same letter "e" . It should not 
cause any misunderstanding. 
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where [e^, e^]g denotes the g-commutator: 

[e/3, e^]g := e^e^ - g^^'^^e^e^ • (6-5) 

The Hopf structure on f/g(g[^) is given by the following formulas for a comultiplication 
Ag, an antipode Sg, and a co-unit Eg-. 



(6.6) 

















5 1 + 


1 ^ii 










+ 1 




Sg{q^^-) 


= q"^^" , 
























) 




Egiq^^^^) ■ 


= 1 , 


e,,,) = 


for 





(6.7) 



(6.^ 



In order to construct composite root vectors e^j for |i — j| > 2 we fix the following 
normal ordering of the positive root system (see 



ei-e2 -< ei-es ^ ^2-63 -< e^- ^ £3 - £4 ^ Cg- €4 ^ . . . ^ 

(6.9) 

According to this ordering we set 

•= l^iky ^ji •= [^jfc5 ^fcjg ) (6.10) 

where l<i<k<j<N. It should be stressed that the structure of the composite root 
vectors does not dependent on the choice of the index k in the r.h.s. of the definition 
(16.101) . In particular, we have 

(6.11) 



where 2 < + 1 < j < A^. 

Using these explicit constructions and the defining relations (16. 4p for the Cheval- 
ley basis it is not hard to calculate the following relations between the Cartan-Weyl 
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generators Cij = 1,2, ... , N): 

q^'^'eijq-''"^ = q^'^'-^^^e.j {l<i,J,k<N) , 

p . . — P ■ . f ■ — P ■ 

Q 11 JJ (J JJ 11 

h,,e^J = (l<z<j<iV), 

J J q — q I 

hj, ekilq-i = Sj^en {l<i < ] <k <l <N) , 

hk, e^Jg-i = {q- q~^) ejkCa {I < i < j < k < I < N) 

[e,fc, e,,],-, = (l<^<j<A;</<iV) , 

[e,„ e^,] = (1 < 2 < J < A; < / < iV) , 

[e,„ e,^.] = (1 < ^ < J < A; < / < iV) , 

[e,-i, e^i] = e^i q'^'-'n (l < i < j < I < N) , 

■ e^ig""^"''" (1 < i < A; < / < A^) , 



[eji, e,J = iq-' - q) e,,e^, (1 < z < j < A; < / < iV) . 



6.12) 

6.13) 

6.14) 
6.15) 
6.16) 
6.17) 
6.18) 
6.19) 
6.20) 
6.21) 



These formulas can also be obtained from the relations between the elements of the 
Cartan-Weyl basis for the quantum superalgebra Uq{Q[{N\M) (see [39]). If we apply 
the Cartan involution (e*^ = e^j) to the formulas above, we will get all relations between 
elements of the Cartan-Weyl basis. 

The quantum algebra Uq{Ql^[u\) {N > 3) is generated (as a unital associative alge- 
bra) by the algebra [/^(gl^) and the additional element with the relations: 





q " eVi 


= q^^^ 






= f 






= f 




'^12 ' '^Nliqiq 


= 0, 


(0) I JO) 
N-1,N^ Fat- 


~l,Af' ^Nllqiq 


= 0, 




'^Nliqy ^Nliq 


= 0, 




^Nliq^ '^Nliq 


= . 



'eWiq 



N-2 
N-1 



(6.22) 



The Hopf structure of Uq{glj^[u]) is defined by the formulas f l6.6p -( l678l) for [/^(gl^^) and 
the following formulas for the comultiplication and the antipode of e^^\: 

A,(e!;i) = ei;}®l + g^--'=-]v®e!i; , (6.23) 



Sqieil) = -g4^-ffe«. (6.24) 
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Quantum analogs of the seaweed algebra sttijv.,.^ and its affine realization sru^ are 
inherited from the quantum algebras ?7g(0tiv+i) and Uq{Qlj^[u]) . Namely, the quantum 
algebra Uq{sxv is generated by the root vectors: 621, ej^_]^ ^ for i = 2, 3, . . . , 

and Cj^ J^_^_l, and also by the g-Cartan elements: g^ii+^iv+i,iv+i^ g^^i for i = 2, 3, . . . , with 
the relations satisfying (16 ■4p . Similarly, the quantum algebra Ug{shj^) is generated by 
the root vectors: 621'' , efi^i, ef^i ^ ioi i = 2,3, . . . , N and e^\, and also by the g-Cartan 

elements: q'^^'^ for i = 1,2,3, N with the relations satisfying (16.41) and (16.221) . It is 
clear that the algebras Uq{Qlj^_^_i) and Uq{s\X)j^) are isomorphic as associative algebras 
but they are not isomorphic as Hopf algebras. However if we introduce a new coproduct 
in the Hopf algebra f/g(g[jv+i) 

Af^--^^\x) = d^,N+i^,ix)dl},+, (Vx G f/,(0Wi)) , (6.25) 

where 

^?i,iv+i:=?"'^^®'"+^'"+^ , (6.26) 
we obtain isomorphism of Hopf algebras 

f/f ■-+i)(sm^+,) ^ Uqish^) . (6.27) 

/ '>- ~i 

Here[/r'"^''(stt)^+i) denotes the quantum seaweed algebra f/g(srDjv+i) with the twisted 
coproduct (16.251) . 



7 Cartan part of Cremmer-Gervais r-matrix 

First of all we recall classification of quasi-triangular r-matrices for a simple Lie algebra 
0. The quasi-triangular r-matrices are solutions of the system 

^12 _^ ^21 ^ ^ 

(7.1) 

J^12^ ^13j _^ J^12^ ^23j _^ [^13^ ^23j ^ q ^ 

where Q is the quadratic the Casimir two-tensor in g Cg) g. Belavin and Drinfeld proved 
that any solution of this system is defined by a triple (Fi, F2, r), where Fi, F2 are subdia- 
grams of the Dynkin diagram of g and r is an isometry between these two subdiagrams. 
Further, each Fj defines a reductive subalgebra of g, and r is extended to an isometry 
(with respect to the corresponding restrictions of the Killing form) between the corre- 
sponding reductive subalgebras of q. The following property of r should be satisfied: 
r'^(a) ^ Fi for any a G Fi and some k. Let Qq be the Cartan part of Q. Then one can 
construct a quasi-triangular r-matrix according to the following 

Theorem 7.1 (Belavin-Drinfeld pLj). Let rg G [) Cg) t) satisfies the systems 

r^2 + r2i = fio, (T.2) 

(a® 1 + 1 ®a)(ro) = (7.3) 

(r(a) ® 1 + 1 ® «)(ro) = (7.4) 
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for any a eTi. Then the tensor 

r = ro + ^ ® e„ + ^ e_„ A e^fe(„) (7.5) 

a>0 ci>0;fc>l 

satisfies ( [7. Moreover, any solution of the system (7.1) is of the above form, for a 
suitable triangular decomposition of q and suitable choice of a basis {e^}. 

In what follows, aiming the quantization of algebra structures on the polynomial Lie 
algebra gl^fw]) we shall use the twisted two-tensor q'^oW where rQ{N) is the Cartan part 
of the Cremmer-Gervais r-matrix for the Lie algebra qI^ when Fi = {ai, a2, • • • , Q^n~2} 
T2 = {^2, as, • • • , dN-i} and T{ai) = Oi+i. An explicit form of r^i^N) is defined by the 
following proposition (see [T6|). 



Proposition 7.2. The Cartan part of the Cremmer-Gervais r-matrix for qI^ is given 
by the following expression 

i=l l<i<j<N 

It is easy to check that the Cartan part (17. 6p . r^^N) := rg(0[^), satisfies the condi- 
tions 

(e,®id + id®e,)(ro(iV)) = e,, for A; = 1, 2, . . . , iV, (7.7) 

k-l 

(e, ® id + id ® e,,) (ro(iV)) = (k - k') C,{N) - e,, for 1 < A;' < A; < A(,7.8) 

i=fc'+l 

where C^lN) is the normalized central element (the Casimir element of first order): 

1 ^ 

i=l 

In particular (17.71) and (17. 8p imply the Belavin-Drinfeld conditions (17.31) and (17.41) . i.e. 

(afc®id + id®afc)(ro(A^)) = := e^^ - e^^+i , (7.10) 
(r(a^,) (g) id + id ® a^,) (ro(A^)) = (a^z+i ® id + id® afc,)(ro(A^)) = 0(7.11) 

for = 1, 2 . . . , — 1 , fc' = 1, 2 . . . , — 2 , where = — e^^^ and a^, = e^., — e^,_^^ 
are the simple roots of system n(0t7v) (see (16.31) ). 

Now we consider some properties of the two-tensor g^o(^). First of all it is obvious 
that this two-tensor satisfies cocycle equation. Further, for construction of a quantum 
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twist corresponding to the Cremmer-Gervais r-matrix (17. 6p we introduce new Cartan- 
Weyl basis elements e/^ {i ^ j) for the quantum algebra Uq^gljsf) as follows 

4 = ey, (".-')«)("■'«>) =e„., £""-""■"■'"', (7.12) 

e;, = = (7.13) 

for 1 < i < j < N. Permutation relations for these elements can be easily obtained 
from the relations (I6.12p - (l6.2ip . For example, we have 



] q ((ei-<:j)«>id+id(g){ej-e,)) (foW) 



q k—i — q k—t-\-i 

q-q-^ 

It is not hard to check that the Chevalley elements and e^^^ j have the following 
coproducts after twisting by the two-tensor q'^oW; 



(7.15) 

for 1 < 2 < A^. Since the quantum algebra Uq{Ql^) is a subalgebra of the quantum 
afSne algebra Uq{Q{j^[u]) let us introduce the new affine root vector e"^l in accordance 

with dug): 

e'« = e^ig((^--^iH(^oW) = e^,g'=---^^(^) . (7.17) 
The coproduct of this element after twisting by the two-tensor q^oW has the form 

g^oWA,(e'(\))g-oW = ei\)®g<(^-^-)^^'^)(^o(^)) + l®e;i¥ 

Consider the quantum seaweed algebra Ug{5tv J^_^_{) after twisting by the two-tensor 
g^o(^+i). Its new Cartan-Weyl basis and the coproduct for the Chevalley generators 
are given by formulas (17.120 . (I7.13P and fl7.15p . (17.160 . where N should be replaced by 
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iV + 1 and where i^lin (H^m and fmHD . and j ^ N in fmal) . and z in fITlHD . 
In particular, for the element we have 

e^^+i = e^,^+,g^---^i(^+i) . (7.19) 
g^o(A^+i)A^(e^^^_^Jg-o(A^+i) = e^,^+,®g2^---2^^(^+i) + l®e^,^^, . (7.20) 

Comparing the Hopf structures of the quantum seaweed algebra Ug{sKi J^_^_l) after twist- 
ing by the two-tensor g^'o'^^+^^and its affine realization Ug{3V0j^) after twisting by the 
two-tensor q'^oW we see that these algebras are isomorphic as Hopf algebras: 

g^o(A^+i)A^(f/^(stt,^^J)g-o(A^+i) ^ g'^oWA^(f/^(5m^))g-'-oW . (7.21) 
In terms of new Cartan-Weyl bases this isomorphism, is arranged as follows 

<4) = 4p for 2<i<j <N , (7.22) 

<e;,) = e;f for 1 < z < J < iV - 1 , (7.23) 
tie,, - C,{N + 1)) = ef - Ci(iV) , for 2 < ^ < iV , (7.24) 

JV 



for 2 < i < N, where the affine root vectors e^]^ [2 < i < N) are defined by the formula 
(cf. EM- 

elP = [efl e!;i],_. . (7.26) 

8 AfRne realization of Cremmer-Gervais twist 

In order to construct a twist corresponding to the Cremmer-Gervais r-matrix (17.61) we 
will follow the papers [T5].[T9]. 

Let 7^ be a universal i?-matrix of the quantum algebra f/g(0lAr+i). According to [2l] 
it has the following form 

n = R-K (8.1) 

where the factor is a g-power of Cartan elements (see [24j) and we do not need its 
explicit form. The factor R depends on the root vectors and it is given by the following 
formula 

— -^12(-^13-^23) (-^14-^24-^34) ■ ■ ■ (-^l,Af+l-^2,Af+l ' ' ' ^N,N+l) 

Vt\ 'ri \ (8-2) 

where 



j=2 i=l 



Rij = (iWqMiQ-Q ^)e^j®eJi) , (8.3) 
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exp,(x):=5^— ^, (ny = (l),(2),...H,, (A;), = (1 -/)/(!- g) . (8.4) 

n>0 ^^^'i- 

It should be noted that the product of factors R^j in (18.21) corresponds to the normal 
ordering (16.91) where is replaced by iV + 1. 

Let i?' := q^oi^+^)Rq-^o(N+^), It is evident that 

R' =Tn(Tn^4) ' (8-5) 

j=2 i=l 

where 

Rlj = expg-2((g - q'^)e-j O ejj . (8.6) 

Here e/^- and ejj are the root vectors (17.121) and (I7.13P where should be replaced by 
N + 1. 

Let T he a homomorphism which acts on the elements e/^ (1 < i < j < + 1) 
by formulas T{elj) = e^^.^.^ = e^j^ij+i for 1 < i < j < N, and T(ej(^^J = for all 
z = 1,2,...,A^. We set 

N+l-k j-1 

:= {r'^id){R') =T n (t n^5'0 ' ^^-^^ 

j=2 i=l 

where 

= exp^_,((g-g-i)r'=(e4.)®e;,) = exp^_. ((g - g-i)e;+,,^.+, ® ej,) (8.8) 
for k < N — j . 

According to [15], [H], the Cremmer-Gervais twist J^^^q in f/g(0t7v+i) is given as 
follows 

J'cG = F- g'-o(^+i) , (8.9) 

where 

F = . (8.10) 

It is easy to see that the support of the twist (I8.10p is the quantum seaweed algebra 
Ug{sWj^_^_i) with the coproducts (I7.15P and (I7.16P where A^ should be replaced by A^ + 1. 
From the results of the previous section it follows that we can immediately obtain an 
affine realization J-'qq which twists the quantum afiine algebra [/^(^[^[m]): 

^CG = F.q^oW^ (8.11) 
F:=(z®2)(F) = R>(^'^)R>(^-^)...R>m (8.12) 

N+l-k j-1 

R'w = th (tn^3'0 • (^-^3) 

j=2 1=1 
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where 

= exp,-. ((g - q-')eZl,+, ® ejf ) for 1 < z < j < iV - A; ,(8.14) 

^■5Vi-. = exp,-((g-g-i)e;5;,Vfc®4+i-..) for 1 < z < iV + 1 - .(8.15) 
Finally, using the isomorphism fl6.27p from Section 6 we obtain the following two results: 

Theorem 8.1. Let T' cg be the twist Tcg reduced to Uq{sl]\f), and let iZ be the uni- 

versal R-matrix for Uq{sli\f). Then the R-matrix ^' cg^-^' cg Quantizes the quasi- 
trigonometric solution ^.30^ . 

Now we turn to quantization of the quasi-trigonometric solution given by (14.291) . 
The isomorphism (I6.27P shows that classical limits sw n+i and stv n are isomorphic as 
Lie bialgebras. Computations show that the support of solution (14.291) is contained in 
the support of the solution (I4.30p . So, we can push the twist related to the solution 
(I4.29P to si{N + 1). It is not difficult to see that such an obtained twist will be defined 
by the following Belavin-Drinfeld triple for sl{N + 1): {0:2, aAr-i} {a^, ...,a]y}. 
In fact, this is exactly the Cremmer-Gervais twist for sl{N), embedded into sl{N + 1) 
as the N X N block in the right low corner. 

The corresponding constant twist for the above Belavin-Drinfeld triple can be quan- 
tized by means of [T5j. Using once again (I6.27p . we get a quantum twist which we denote 
by .^ce- 

Theorem 8.2. Let TZ' be the universal R-matrix for Uq{slN). Then the R-matrix 

izes the quasi-trigonometric solution ^^.29^ . 

Remark 8.3. In fact, using the isomorphism (16.270 we can quantize all the quasi- 
trigonometric solutions of the CYBE corresponding to the first simple root ai of s[{N). 

Let W be the Lagrangian subalgebra of s[{N){{u~^)) © si{N) contained in Oq^ © 
s{{N). Then it is not difficult to show that the support of the corresponding classical 
twist is contained in Oq^ ns[(A^)[M], which is isomorphic to sxon- Therefore, it provides 
a classical twist in sit) tv+i since sfo jq and sro tv+i are isomorphic as Lie bialgebras. 

Now we can again use results of [U], [12] to get the corresponding quantum affine 
twist. 

9 Affinization by automorphism and quantization 
of rational r-matrices 

The aim of this section is to quantize certain rational r-matrices. We begin with the 
following result: 
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Theorem 9.1. Let tt : Uq{Q[u]) — > Uq{Q) be the canonical projection sending all the 
ajfine generators to zero. Let F G Uq{Q)®Uq{Q) he a twist. Let us consider the following 
element 

Fnu^ = {uj-\{lo) l)F{n ® id)(A(cj-^))A(cu) 
and represent it as a product F'F. Then F^,^ is a twist iff 

Fi2(vr®id®id)(A®id)(F') = F^gFis, (9.1) 

for some invertible uo G Uq{Q[u\). 

Proof. We will check the cocycle equation for an equivalent element 

Fl^ := {uj®uj)F^^A{uj~^) = (7r®id) {{u ® u) F A{uj-^)] . 
Note that F'^^ ^Uq{Q) ®Uq{Q[u\). It follows that 

Assoc(F;J := (Fl)i2(A® id)(Fl)(id® A)((F;j-i)(F:j,t G Uq{Q) ®Uf\Q[u]). 
On the other hand 

Assoc(F;^) = (tt ® id ® id) {cu®=^Assoc(F,^)(u;-i)^3| ^ 

If we take into account (vr ® id)(F') = 1®1 and the property (19. ip . then we get 
Assoc(F;^) = 

= Ad(7r(a;) ® u'^^) {F,2F^,iA ® id)(F)(id ® A){F-^){F23)-\F^,)~^) (9.2) 
= Ad{ir{uj) ® u;mF:,,Assoc{F){F^,)-') . 

Since F is a twist we deduce that Assoc(F^^) = 1 1 1. 

Conversely, let F G Uq{Q[u]) ^Uq{g) and (7r®id)(F) is a twist, then there exist at least 
one uj G Uq{g[u]) with the required property (19.11) . Indeed, note that (5* S){F2i^) is a 
twist quantizing the same rational/quasi-trigonometric r— matrix and thus there exists 
an invertible element u such that 

{S ® 5)(F2-/) = {uj(» uj)FA{uj-') G Uq{g) ® Uq{g[u]). 

By taking projection (vr id) we obtain 

F = {uj-^n{uj) ® l)(7r ® id)(F)(7r ® id)(A(c<;-^))A(cj). 

The property (19.11) is necessary for the cocycle equation to hold. □ 

If an element u satisfies the conditions of Theorem 19.11 we will call it affinizator as it 
allows to construct an affine extension for a non-affine twist F. Such element of course 
is not unique but some affinizators allow to construct F.,^i^ which are compatible with 
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the Yangian degeneration. 

Consider as an example the affinization of the coboundary twist 

F = (expg2(A e_a) (g)expg2(A e_„))A(expg-2(-A e_«)) 
with uj = expg2(/i q~'^"es-a)- In this case we obtain 

F.^ = (1 ® 1 + (g2 - l)A q-'^-es^a ® q-'" + {q' - ® i)Hi®^<^)_ 

Let us form the equation for which the different u are the solutions. In order to find 
such Lu, we consider the following equation 

Kid® S){F^^) = J2co-Mu^)Fl'^7ricof^)Sicof)S{F^), 

where F = ^^ f/'^ ® ^ and A{uj) = cjf ^ ® cjf ^ 

Now we would like to explain how cj-affinization can be used to find a Yangian 
degeneration of the affine Cremmer-Gervais twists. Let us consider the case si^. We 
set 

F = ^-^3 := exp,2(-(g - q-'K ej? ® 4?) ■ JC, , (9.3) 

where 

JC^ — g|^12<^/ll2 + |/«12<^/l23 + |'l23'8^12 + |/l23'8'l23 (^Q 

with hij := en — ejj. The twist (19.31) belongs to Uq{sl3) ® f^q(st3)[[C]]- 

The following affinizator u^^^^ was constructed in [21]. It is given by the following 
formula 



u^'r = -p,2(^g-"^e-)exp,2(-^^^g-^^e-) 

X exp^„2(^— ^ e^2 )exp,-2(^— ^ e^/) exp^_2( ^ e^aO , 

where = |(eii + 622) - §633 and = |eii - |(e22 + 633). 
For convenience sake we remind the reader that 



(9.5) 





JO) 

^21 






^32 ~ 'd ^^32 ' 


pO 


- pO JO) _ 


y ^21 ^32 


^31 — y , 


^32 


_ p(o) Ji) 

~ ^12 ^31 


(1) (0) 
^12 



(9.6) 



Theorem 9.2. T/ie elements uj^"^^, F = J-'qq.^ satisfy the conditions of Theorem \9.1\ 
and consequently F-j^^ is a twist. 

Proof. Straigtforward. □ 
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It turns out that F^^ has a rational degeneration. To define this rational degenera- 
tion we have to introduce the so-called /-generators: 



(9.7) 



Let us consider the Hopf subalgebra of U^^i^si^) generated by 

{^12, ^23; /O; fli /2, /s, ^'121 ^^l} ■ 

When g — s> 1 we obtain the following Yangian twist (see [31]): 

= (i®i-Ci®73-C'/^^®72)^"'^"^'^(i®i + Ci®^)^-'^"^'^ 

X eMC ® 7o) exp(-C 4? ® 7i) ■ exp(-C 4? ® 72) (^.8) 

X (1 ® 1 - c 1 ®73 - h^^J,f'^-'^^^'^ , 

where the overlined generators are the generators of F (sis). In the evaluation represen- 
tation we have: _ _ 

/o ^(^31, fi^U 631 

72 ^ , h^U 632 (9.9) 
621 ^ 621 , ei2 ei2 . 

Therefore we have obtained the following result: 

Theorem 9.3. The Yangian twist f'^^ quantizes the following classical rational r— matrix 
r{u, v) = + /i^ ® W632 - U632 ^h^ + h^ A 621 

+621 ® t^63i - ^631 (g) 621 + 612 A 632 . 

To obtain a quantization of the second non-constant rational r- matrix for sl^ we 
take the following affinizator uj^^°^^ and apply it to F = q'^ois)^ where the Cartan part 
of the Cremmer-Gervais constant r-matrix for £[3 has the form: 

2 11 

^^0(3) = -{hai<S)ha^ + ha2<gha^ + -(ha^(gha,2 + ha^®haA+-ha^Aha2- (9.11) 

6 6 b 

We have 

.short _ ('A 5(0)N „„„ f C 2hi M)\ _ f C 40) 



exp,-. (C 4?) exp,. (-^ g^'^i 4^) exp,.. 4?) , (9.12) 

where 



^(0) _ l(/,,2_/,23) (0) .(0) _ hi (0) ^(1) _ 

^21 — y 621 , — y 632 , 63;^ — y 63;^ 
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We have to calculate 

Aff^^.ho.t(g^'«(3)) := (7r®id) o (^(cjf°'^t®u;f°'^t)g'-o(3)^^^^short)-ij ^ ^g^^g^ 

Using standard commutation relations between g-exponents, F'^^ can be brought to 
the following form: 



(l ® 1 + C 1 ® q'^-e'~il + C g-^'^"®(Adexp^,(c4?))(4^^^ '"'^'^ 



/ ln\\ (-\(hi2-h2-i)®l) , , 



(9.14) 



The g-Hadamard formula allows us to calculate the Ad-term explicitly: 

(Adexp^^.(C 4?)) (4?) = 4? + C g-'^"e(? , (9.15) 

where e'^} := e2i''e32'' — q e32''e2i'*. To define a rational degeneration we introduce g- 
generators, which satisfy the Yangian relations as g — >■ 1: 

9.= {q- q~')q-'^ef^, g, = q'^^e^ + C q-'^efl g, = (g^ - 1) 4?. 
Using gf- generators we can calculate the rational degeneration of the twist F^^: 

/ _ M ^ 1 I /• 1 ^ /'tt I .Sy>\ /-2 Ky.-r, \ 



(9.16) 



X (1®1-C 1®^2)^"^^'""'"^^'^- 

Theorem 9.4. This Yangian twist F^^ quantizes the following rational r-matrix: 
r{u, v) = — u Csi (g) + V (g) Cgi + A 632 - ^{h^ - /i23) A 621 . (9.17) 

Therefore we have quantized all non-trivial rational r- matrices for sis classified in 
[33]. 

10 Solutions for 5l(2) and deformed Hamiltonians 

We consider the case st(2). Let = eu, o"~ = 621 and = en — 622- Recall that in 
s[(2) we have two quasi-trigonometric solutions, modulo gauge equivalence. The non- 
trivial solution is Xi{zi,Z2) = Xq{zi,Z2) + {zi — Z2){<J~^ ® cr+). This solution is gauge 
equivalent to the following: 

z 1 

Xab{ZuZ2) = + (J- (g) (T+ + -a^ (g) CJ^ (10.1) 

Zi- Z2 4 

+a{zia~' (T^ - Z2(t'' (g) a') + b{a^ cr'' - cr^ (g) cr^). 
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The above quasi-trigonometric solution was quantized in [23]. Let tti/2{z) be the 
two-dimensional vector representation of Uq{sl2)- In this representation, the generator 
e_Q, acts as a matrix unit 621, e^.Q, as ze2i and as en — 622- The quantum i?- matrix 
of Uq{sl2) in the tensor product ni/2{zi) (8> 7^1/2(^2) is the following: 

Roizi, Z2) = en ® en + 622 ® e22 + —7^ — — — (en ® 622 + 622 ® en) (10.2) 

q ^zi - qz2 

Z2ei2 ® 621 + Zie2i ^ ei2) . 



q-^Zi - qz2 



Proposition 10.1. The R-matrix given by 

R := Ro{zi, Z2) + ~ {{b + az2)cj' ® (x" (10.3) 
q ^Zi - qz2 

+ {q^^azi + qb)a^ ® cr^ + {b + az2){q~^azi + qb)a^ (g) cr") 
is a quantization of the quasi-trigonometric solution Xa,b- 

Corollary 10.2. The rational degeneration 

R^{ui,U2) = ^^1^^(1 - r^— ^ - iu2a^ ® a" (10.4) 
ui -U2-r] U1-U2 

+^{ui - r])a' (g) (T^ + ^^M2(mi - r])a' (g) cr"). 

where P12 denotes the permutation of factors in (g C^, is a quantization of the fol- 
lowing rational solution of the CYBE: 

r{ui, U2) = — — h ^{uia^ a"" - U2a'' ® a"). (10.5) 

Ui - U2 

The Hamiltonians of the periodic chains related to the twisted i?-matrix were com- 
puted in |23]. We recall this result: We consider 

t{z) = TroRoNiz, Z2)RoN-i{z, Z2)...Roi{z, Z2) (10.6) 

a family of commuting transfer matrices for the corresponding homogeneous periodic 
chain, \t{^z'\ ^(-z")] = 0, where we treat Z2 as a parameter of the theory and z = z\ os, 
a spectral parameter. Then the Hamiltonian 

i^a,b,.2 = (?"' - ^)^-^t{z) 1,=,, t-\z2) (10.7) 

can be computed by a standard procedure: 

Ha,b,z, = Hxxz + 5^(C(a^a^"+i + a^+i) + Da,:a;^,. (10.8) 
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Here C = {{q - l)/2)(6 - 0^2'? D = {az2 + b){q ^az2 + qb), cr+ = 612, a = 621, 
= eii — 622 and 

Hxxz = J2^^t^k^i + ^k<i + ^-^^M+i)- (10.9) 

k 

We see that, by a suitable choice of parameters a, b and Z2, we can add to the 
XXZ Hamiltonian an arbitrary hnear combination of the terms + <^k'^k+i 

and ^fcO"fcCrfc+i and the model will remain integrable. 

Moreover, it was proved in [23] that the Hamiltonian 



Hv,i,u2 = iiq'' - q> - ^"'^)|;'^(«) l«=«2 1'\'^2) (10.10) 

for 

t{u) = TroRoN{u,U2)RoN-liu,U2)...Roi{u,U2), (10.11) 

is given by the same formula (110. 7p . where C = ^((g^^ — l)/2)n2 — (q^^C.v)/'^ 
D = ^'^U2{q~^U2 — qi]). Now it also makes sense in the XXX limit q = 1: 

Hxxx + Y.^C{ala,^, + a'al^,) + Da,a,^,), (10.12) 

k 

where C = —^r]/2 and D = ^^^2(^2 — v)- 



11 Appendix 

In this appendix we give the proofs of the following results mentioned in the text: 

Proposition 11.1. Let X be a rational or quasi-trigonometric solution of i2.4\) - Then 
X satisfies the unitarity condition Ii2.5\) . 

Proof. The proof is almost a word to word transcription of the proof of [3], Prop. 4.1. 
Interchanging Ui and U2 and also the first and second factors in g*^^ in equation (12.41) . 
we obtain 

[X^\u2,Ui),X^%U2,U;)] + [X^\u2,Ui),X'%Ui,U3)]+ (11.1) 
+ [X^^{u2,Us),X'%Ui,U3)]=0. 

Adding ffTLTD and ([23]), we get 

[X'\m, U2) + X^\u2, u^),X'\u^, u,) + X'\u2, %)] = 0. (11.2) 

a) Suppose X is rational, i.e. X{u, v) = + p{u, v), where p is a polynomial. For 
ui and U2 fixed, let us multiply (111.21) by U2 — U3 and let U3 U2. It follows that 

[X''iuuU2)+X^\u2,u,),n^^] = 0. (11.3) 
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It is known that if a tensor r E g Q satisfies [r (g) 1, Q'^^] = 0, then r = 0. It follows 
that X^^{ui,U2) + X^^{u2,ui) = 0. 

b) Suppose X is quasi-trigonometric, i.e. X{u,v) = + q{u,v) where g is a 
polynomial function. By the same procedure we get 

[X^\ui, U2) + X^\U2, Ml), M2^^''] = (11.4) 

which also implies the unitarity condition. □ 

Proposition 11.2. Let W be a Lie subalgebra satisfying conditions 2) and 3) of Theo- 
rem \3.S\ Let r be constructed as in Ii3.16\) . Assume r induces a Lie bialgebra structure 
on g[u] by 5f(a(u)) = \r{u,v),a{u) (g) 1 + 1 ® a(t>)]. Then W 3 w'^gffu^"*^]] for some 
positive N. 

Proof. Since W is Lagrangian subalgebra, it is enough to prove that W is bounded. 
Let us write 

r{u,v) = Xo{u,v) + J2^m (11.5) 

m 

where Tm. is the homogeneous polynomial of degree m with coefficients in g g: 

Tm= ^ amnkU'^v''. (11.6) 
n+k=m 

It is enough to prove that there exists a positive integer such that = for m > N. 

We know that 6r{a) should belong to q[u] ®g[v] for any element a of g. On the other 
hand, one can see that [Tm, a ® 1 + 1 ® a] is either or has degree m. This implies that 
[Tm, a ® 1 + 1 (g) a] = for m large enough. Therefore 

Tm = Pm{u,v)^ (11-7) 

with Pm{u,v) G C[[m, t;]]. Let us compute the following: 

[Fm, au® 1 + 1 ® av] = Pmiu, v){u — v)[Vl, a®l] + Pm{u, f )f a®l + 1® a] 

= Pmiu, v){u — v)[VL, a ® 1]. 

We choose an element a such that [fi, a 1] 7^ 0. We obtain that if Pmiu, v) is not 
identically zero then Pm{u,v){u — v)[Q,a (g 1] is a homogeneous polynomial of degree 
m + 1. Consequently, 

6r{au) = '^Pm{u,v){u-v)[n,a®l] (11.8) 

m 

cannot belong to q[u] q[v] unless Pmiu, f ) = for m large enough. □ 
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Theorem 11.3. Let X{zi, Z2) be a quasi-trigonometric solution of the CYBE. 

1. Then there is a transformation '^{z), holomorphic around z = 1, such that 

{^{z,)-'^^{z2)-')X{z„Z2)=Y{^), 

^2 

where Y{z) = + s{z), with s{z) holomorphic around z = 1. 

2. Y{e^) is a trigonometric solution of the CYBE in the sense of Belavin-Drinfeld. 

Proof. Let us consider X(zi, Z2) = ^^i^ -22), where p{zi, Z2) is a polynomial. Let 

{/j} be an orthonormal basis in q with respect to the Killing form and {cfj} denote the 
structure constants of q with respect to {/«}. Let us write 



p{Zi, Z2) = "^p'^iZi, Z2)Ii ® Ij . 



We set 

h{z) = J2p^^iz,z)[hJ,] = J2pH^,z)c1^h . 
Repeating the arguments of [3], one can prove that h{z) and X{zi,Z2) satisfy 

^^m^ ^ ^^m^ ^ ^^^^^^ ^^^^^ Mz,), x(.„ 

UZi UZ2 

Suppose ^^(2;) is a function with values in Aut(g), which satisfies the differential equation 

d^{z\ 



(ad/i(^))^(;z), (11.9) 



dz 

and the initial condition ^(1) = \d. Then the function Y{^Z\^ Z2) defined as 

Y{ZI,Z2) = {^{Zi)-'(»^{Z2)-')X{ZI,Z2) , 

satisfies the CYBE and depends on Zi/z2 only. 

By construction, "^{z) is holomorphic in a neighborhood of 2; = 1 and clearly Y{z) = 

+ s{z), where s{z) is a holomorphic function in the same neighborhood. 

Now we turn to the proof of the second statement. Apply the change of variables 
Zl = e", Z2 = e'". Then let us prove that \E^(e") is holomorphic in the entire complex 
plane and Y{u,v) is a trigonometric solution of the CYBE. 

Let \E'i(m) := \l/(e"). Clearly this operator satisfies the equation 

^^j^ = {^dhi{u))^i{u), (11.10) 
du 

where hi{u) = /i(e"). 
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Let U{u) be the matrix of the operator in the basis {li}- Let a'^^{u,v) := 

p*-'(e", e'') (the decomposition of hi{u) in the basis {li}). Equation fill .101) is equivalent 
to 

"^^^""^ -~.Hiu)Uiu), (11.11) 



du 



where H{u) is the matrix with elements 



(11.12) 



s,r,t 



Since the matrix function H{u) is holomorphic in C, the matrix equation fill. lip 
admits a unique solution satisfying U{0) = E. This solution is holomorphic in C 
because U{u) = Pexp(Jp" H(v)dv) (ordered exponential) and 



\mu)\\ 



H{v)dv + 



JO 



H{vi)H{v2)dv2)dvi + ... 



< 



< 



expf 



\H{v)\\dv. 



Moreover, according to [3], the linear operator ^(n), corresponding to U{u), is an 
automorphism of g. 

Clearly Y{e^, e"") depends only on m — f and, as a function in one variable, has poles 
when e"^'^ = 1. Hence it is trigonometric in the sense of Belavin-Drinfeld. This ends 
the proof. □ 
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